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Abstract
We study the invertibility of βI +K and βI +K ′ in L2(∂Ω) for β ∈ R\[− 12 , 12 ] where K,K ′ are double
layer potentials related to elasticity equations and Ω is bounded Lipschitz domain in Rn. Consequently, the
spectrum on real line lies in [− 12 , 12 ]. Applications to transmission problems are also presented.
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1. Introduction
In this paper, we study the resolvent sets of double layer potentials related to elasticity equa-
tions on a bounded Lipschitz domain Ω ⊂ Rn, n 2.
In the case of Laplace equation, authors in [3] showed that the resolvent set over L2(∂Ω) of
the double layer potential K∗L with kernel
1
ωn
(P −Q) · ν(P )
|P −Q|n (1.1)
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outward unit normal vector at P ∈ ∂Ω .
If the boundary of Ω is smooth, then K∗L is a compact operator and βI −K∗L is one-to-one in
L2(∂Ω) for all β ∈ C \ [− 12 , 12 ] (see [3,4]). Hence, by Fredholm Alternative, βI −K∗L is invert-
ible for all β ∈ C \ [− 12 , 12 ]. On the contrary, if boundary of Ω is not smooth, the operator K∗L
is not compact and hence we cannot apply Fredholm theory. Nevertheless, with careful consid-
eration of geometric property of domain, we obtain certain spectral property of layer potential
operators for some limited cases. For example, when Ω is a convex bounded Lipschitz domain,
authors in [5] showed that the spectral radius of K∗L over L2(∂Ω) is 12 and the spectral radius of
K∗L over L20(∂Ω) is strictly less than
1
2 (see [5]). Here, we only mention the general Lipschitz
domain cases excluding various results related to polygonal domain.
In 2003, authors in [6] obtain that the same results as Laplace equations for the parabolic layer
potentials when the domain are bounded Lipschitz cylinders and time variable domains.
The spectral properties about Stokes and elasticity equations are interested by several authors.
In particular, for the Stokes equations, Mitrea (see [7]) treated the double layer potential KS
induced in the stress conormal derivative on the boundary of Ω
∂u
∂ρS
= (∇u+ ∇uT )ν − pν,
where u is solenoidal and (u,p) satisfies
u = ∇p in Ω.
She showed that if the Lipschitz character of Ω is small, then the spectral radius of KS is 12
and hence βI − KS is invertible in L2(∂Ω) for all |β| > 12 . In particular, if boundary of Ω
is smooth (then KS is compact operator in L2(∂Ω)), βI − KS is invertible in L2(∂Ω) for all
β ∈ C \ [− 12 , 12 ] (see [7]). In the case elasticity equation, she also derived the same results as
KS in the double layer potential induced by the pseudo-stress stress conormal derivative on the
boundary of Ω (see [7])
∂u
∂ρL
= μ(∇u)ν + μ(μ+ λ)
3μ+ λ
(∇uT )ν + (2μ + λ)(μ + λ)
3μ+ λ (divu)ν (1.2)
when the Lipschitz character of domain is small. Here u is solution of μu + (μ + λ)×
∇(divu) = 0 in Ω .
In this paper, we show that if Ω is bounded Lipschitz domain without any smallness as-
sumption on Lipschitz character of Ω , the resolvent set of the double layer potential related to
elasticity equations contains R \ [− 12 , 12 ] and we show the existence of solutions to the transmis-
sion problems as its application.
In Section 2, we state main results and in Sections 3–5 we present the proofs of the main
theorems.
2. Statement of main results
The letters X,Y denote points in Rn, and the letters P,Q denote points on the boundary of
domain Ω .
We introduce the fundamental tensor matrix Γ (X) = (Γij (X))
Γij (X) = a δijn−2 +
b XiXj
n
if n 3,ωn(n − 2) |X| ωn |X|
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b
2π
XiXj
|X|2 if n = 2,
where
a = 1
2
(
1
μ
+ 1
2μ+ λ
)
and b = 1
2
(
1
μ
− 1
2μ+ λ
)
. (2.1)
The constants μ and λ are known as the Lamè constants. We assume
μ> 0, λ >
−2μ
n
and do not specify the expressions of vectors and scalars. Given f ∈ L2(∂Ω) = {f =
(f 1, f 2, . . . , f n) | f i ∈ L2(∂Ω), 1 i  n}, we define the single layer potential of f by
u(X) = Sf (X) =
∫
∂
Γ (X − Q)f (Q)dσ(Q), X ∈ Rn, (2.2)
i.e.
u(X)i =
∫
∂Ω
j=n∑
j=1
Γij (X − Q)f j (Q)dσ(Q).
Then we have that
μu+ (λ +μ)∇(divu) = 0 in Rn \ ∂Ω,
|X|∣∣∇u(X)∣∣+ ∣∣u(X)∣∣= O(|X|2−n) as |X| → ∞.
Furthermore, for P ∈ ∂Ω ,
Sf (P ) = lim
X→P Sf (X) =
∫
∂Ω
Γ (P −Q)f (Q)dσ
and
∂u
j
±
∂Xi
(P ) = ±1
2
{
1
2μ
νi(P )f j (P ) − bνi(P )νj (P )(ν(P ) · f (P ))}
+ p.v.
∫
∂Ω
k=n∑
k=1
∂
∂Pi
Γjk(P −Q)f k(Q)dσ(Q), (2.3)
where the subscripts + and − indicate the limits taken inside Ω and outside Ω¯ , respectively.
We define a conormal derivative on the boundary of Ω by
∂u
∂ν
= λ(divu)ν + μ(∇u+ ∇uT )ν,
where AT means transpose matrix of A. Then by (2.3), we have
∂u±
∂ν
(P ) = ±1
2
f (P ) +K ′f (P ), a.e. P ∈ ∂Ω,
where K ′ are bounded singular integral on Lp(∂Ω), 1 < p < ∞ (see [1]). Note that even when
Ω has a smooth boundary, K ′ is not compact operator. Hence it is difficult to treat K ′.
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ical curiosity. Define the another conormal derivative by
∂u
∂ρ
= ∂u
∂ν
+ 2μ
2
3μ+ λ
(
(divu)ν − (∇u)T ν).
Then by (2.3) we have
∂u±
∂ρ
(P ) = ±1
2
f (P ) +Kf (P ), a.e. P ∈ ∂Ω,
where K is the appropriate bounded singular integral modifications of K ′.
Using Green’s formula, we can easily derive several formulas∫
∂Ω
u · ∂u±
∂ν
dQ = ±
∫
Ω±
λ(divu)2 + μ
2
∣∣∇u+ ∇uT ∣∣2 dX (2.4)
and
∫
∂Ω
u · ∂u±
∂ρ
dQ = ±
∫
Ω±
(
λ + 2μ
2
3μ+ λ
)
(divu)2
+
(
μ
2
− μ
2
3μ+ λ
)∣∣∇u+ ∇uT ∣∣2 + 2μ2
3μ+ λ |∇u|
2 dX. (2.5)
Let L20(∂Ω) = {f ∈ L2(∂Ω) |
∫
∂Ω
f = 0} and L2Ψ (∂Ω) ⊂ L20(∂Ω) is subspace of L2(∂Ω)
whose orthogonal complement is restriction function ψ on ∂Ω satisfying ∂ψ
i
∂Xj
+ ∂ψj
∂∂Xi
= 0 in Rn
for all 1 i, j  n. Clearly, co-dimension of L2Ψ (∂Ω) is
n(n+1)
2 .
Then it is well known [2]:
Proposition 2.1. Let Ω is bounded Lipschitz domain in Rn, n 3. Then,
(1) 12I + K is invertible from L2Ψ (∂Ω) to L2Ψ (∂Ω).
(2) − 12I +K is invertible from L2(∂Ω) to L2(∂Ω).
(3) 12I + K ′ is invertible from L20(∂Ω) to L20(∂Ω).
(4) − 12I +K ′ is invertible from L2(∂Ω) to L2(∂Ω).
(5) S is invertible from L2(∂Ω) to L21(∂Ω).
Our main results are following:
Theorem 2.2. Let Ω be a bounded Lipschitz domain in Rn and μ,λ > 0. Then for all real number
β satisfying |β| > 12 , Tβ = βI −K ′ is invertible in L2(∂Ω).
Theorem 2.3. Let Ω be bounded Lipschitz domain in Rn and μ > 0, λ > −2μ
n
. Then for all real
numbers β satisfying |β| > 1 , Rβ = βI − K is invertible in L2(∂Ω).2
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⎪⎪⎪⎪⎩
μu± + (μ + λ)∇(divu±) = 0 in Ω±,
(u±)∗, (∇u±)∗ ∈ L2
u+ − u− = F ∈ L21(∂Ω) on ∂Ω,
∂u+
∂ρ
−  ∂u−
∂ρ
= G ∈ L2(∂Ω) on ∂Ω,
(2.6)
where μ,λ > 0.⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
μu± + (μ + λ)∇(divu±) = 0 in Ω±,
(u±)∗, (∇u±)∗ ∈ L2
u+ − u− = F ∈ L21(∂Ω) on ∂Ω,
∂u+
∂ν
−  ∂u−
∂ν
= G ∈ L2(∂Ω) on ∂Ω,
(2.7)
where μ> 0, λ > −2μ
n
. Here, we set Ω+ = Ω and Ω− = Rn \ Ω and (·)∗ stands for the nontan-
gential maximal function.
Theorem 2.4. Let n 3. Then the transmission problems (2.6) and (2.7) are uniquely solvable
for  ∈ R,  > 0,  	= 1. Furthermore, the solutions u satisfy∥∥(u)∗∥∥L2(∂Ω) + ∥∥(∇u)∗∥∥L2(∂Ω)  c(‖G‖L2(∂Ω) + ‖F‖L21(∂Ω)) (2.8)
holds for a constant c, depending only on n,  and Lipschitz constant, where u∗ is the nontan-
gential maximal function of u.
3. Proof of Theorem 2.2
For a given β ∈ C, we set Tβf = (βI −K ′)(f ) for f in L2(∂Ω).
Lemma 3.1. Tβ is one-to-one for β ∈ C \ [− 12 , 12 ].
Proof. Suppose that f ∈ L2(∂Ω) satisfies Tβf = 0 and f is not identically zero. Set u = Sf .
By Proposition 2.1, we have (β + 12 )f = 12f + K ′f ∈ L20(∂Ω), and hence f has mean value
zero on ∂Ω . Hence, |u(X)| = O(|X|1−n) and |∇u(X)| = O(|X|−n) at infinity for n 2. Since
f is not identically zero, the following numbers A and B cannot be zero,
A =
∫
Ω
λ(divu)2 + μ
2
∣∣∇u+ ∇uT ∣∣2 dX and
B =
∫
Rn\Ω
λ(divu)2 + μ
2
∣∣∇u+ ∇uT ∣∣2 dX.
By (2.4), we have
A =
∫ (1
2
f +K ′
)
(f ) · S(f )dσ and B = −
∫ (
−1
2
f +K ′
)
(f ) · S(f )dσ,∂Ω ∂Ω
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A,B  0, β is real and |β| 12 , which is a contradiction. 
When Ω is a bounded Lipschitz domain, there exists a smooth vector field α ∈ C∞c (Rn) such
that α(Q) · ν(Q) C > 0 for all Q ∈ ∂Ω for some constant C (see [8]). From Rellich estimate,
we have a lemma showing the closed range property of Tβ . Unfortunately our argument is valid
only for real parameter β .
Lemma 3.2. For β ∈ R, |β| > 12 , there exists positive constant c such that for all f ∈ L2(∂Ω)∫
∂Ω
(α · ν)
(
1
2μ+ λ
(
β + 1
2
)(
β − 1
2
)
|f |2 + μ
2
∣∣∇T u+ ∇T uT ∣∣2
)
dσ
 c‖f ‖L2(∂Ω)
(‖Tβf ‖L2(∂Ω) + ‖Hαf ‖L2(∂Ω) + ∥∥Comp(f )∥∥L2(∂Ω)), (3.1)
where
∣∣∇T u+ ∇T uT ∣∣2 = n−1∑
l=1
∣∣(∇u+ ∇uT )Tl∣∣2,
where Tl are tangential unit vectors and
Hαf (P ) =
∫
∂Ω
− a
ωn
(P −Q) · (α(P ) − α(Q))f (Q)
|P −Q|n
− nb
ωn
[(P −Q) · f (Q)][(P −Q) · (α(P ) − α(Q))](P − Q)
|P −Q|n+2
+ b
ωn
[f (Q) · (α(P )−α(Q))](P −Q)+[(P −Q) ·f (Q)](α(P )−α(Q))
|P −Q|n dσ
and Comp is compact operator in L2(∂Ω).
Remark 3.3. Note that Hα is not singular integral operator since the smoothness of α(P )−α(Q)
cancels the critical singularity of the kernel.
Proof. Since β is real, it suffices to prove Lemma 3.2 when f is real-valued function. Let Aji =
δjiλ(divu)+ μ( ∂uj∂Xi + ∂u
i
∂Xj
), Aj = (Aj1,Aj2, . . . ,Ajn) and A = (Aji)1i,jn.
First, we consider the case β < − 12 . From direct computations we have
div
(
α
(
λ |divu|2 + μ
2
∣∣∇u+ ∇uT ∣∣2))
= 2 div((α · ∇uj )Aj )+ (divα)
(
λ(divu)2 + μ
2
∣∣∇u+ ∇uT ∣∣2)
− 2λ∂α
k
∂Xi
∂ui
∂Xk
divu− 2μ∂α
k
∂Xi
∂uj
∂Xk
(
∂uj
∂Xi
+ ∂u
i
∂Xj
)
(3.2)
in Rn \ ∂Ω . Here double indices means summation up to n.
Clearly, ( ∂u
∂ν
)j = Aj · ν. Integrating (3.2) over Ω and applying Gauss–Green’s formula, we
find that the left-hand side of (3.2) is
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∂Ω
(α · ν)
(
λ |divu|2 + μ
2
∣∣∇u+ ∇uT ∣∣2)dσ
=
∫
∂Ω
(α · ν)
(
λ
∣∣(divu)ν∣∣2 + μ
2
∣∣(∇u+ ∇uT )ν∣∣2 + μ
2
∣∣∇T u+ ∇T uT ∣∣2
)
dσ
= I. (3.3)
Using Cauchy–Schwarz inequality (|cV + dW |2  (c2 + d2)(|V |2 +|W |2) for real numbers c, d
and vectors V,W ), we obtain that (c = √λ, d = √2μ, V = 1√
λ
(divu)2ν, W =
√
μ
2 (∇u+∇uT )ν)
I 
∫
∂Ω
(α · ν)
(
1
2μ+ λ
∣∣λ(divu)ν +μ(∇u+ ∇uT )ν∣∣2 + μ
2
∣∣∇T u+ ∇T uT ∣∣2
)
dσ
=
∫
∂Ω
(α · ν)
(
1
2μ+ λ
∣∣∣∣
(
β + 1
2
)
f − Tβf
∣∣∣∣2 + μ2
∣∣∇T u+ ∇T uT ∣∣2
)
dσ
=
∫
∂Ω
(α · ν)
(
1
2μ+ λ
(
β + 1
2
)2
|f |2 + 1
2μ+ λ |Tβf |
2 − 2
2μ+ λ
(
β + 1
2
)
f · Tβf
+ μ
2
∣∣∇T u+ ∇T uT ∣∣2
)
dσ. (3.4)
Let
(Kαf )
j =
∫
∂Ω
αk(P )
∂
∂Pk
Γji(P − Q)fi(Q)dσ(Q)
=
∫
∂Ω
− a
ωn
[(P −Q) · α(P )]fj (Q)
|P − Q|n
− nb
ωn
[(P − Q) · f (Q)][(P − Q) · α(P )](P −Q)j
|P −Q|n+2
+ b
ωn
[f (Q) · α(P )](P −Q)j + [(P −Q) · f (Q)]αj (P )
|P −Q|n dσ.
Then, integrating and applying Gauss–Green’s formula in Ω and using (2.3), the right-hand
side of (3.2) yields
2
∫
∂Ω
(
1
2μ
(α · ν)f − b(α · ν)(ν · f )ν + Kαf
)
·
((
β + 1
2
)
f − Tβf
)
dσ
+
∫
Ω
(divα)
(
λ(divu)2 + μ
2
∣∣∇u+ ∇uT ∣∣2)− 2λ∂αk
∂Xi
∂ui
∂Xk
divu
− 2μ∂α
k
∂Xi
∂uj
∂Xk
(
∂uj
∂Xi
+ ∂u
i
∂Xj
)
dX
=
∫ 1
μ
(
β + 1
2
)
(α · ν)|f |2 − 2b
(
β + 1
2
)
(α · ν)|ν · f |2 + 2
(
β + 1
2
)
(f · Kαf )∂Ω
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μ
(α · ν)(f · Tβf )+ 2b(α · ν)(ν · f )(ν · Tβf ) − 2(Kαf · Tβf )dσ
+ Comp(f ), (3.5)
where b is defined in (2.1) and Comp is an integral involving with a compact operator in L2(∂Ω).
Therefore by (3.3)–(3.5), we have that∫
∂Ω
(α · ν)
((
1
2μ+ λ
(
β + 1
2
)2
− 1
μ
(
β + 1
2
))
|f |2
+ 2b
(
β + 1
2
)∣∣(ν · f )∣∣2 + μ
2
∣∣∇T u+ ∇T uT ∣∣2
)
dσ

∫
∂Ω
(
2
(
β + 1
2
)
(f · Kαf )+L(Tβf )
)
dσ + Comp(f ),
where∥∥L(Tβf )∥∥L2(∂Ω)  c∥∥Tβ(f )∥∥L2(∂Ω)‖f ‖L2(∂Ω).
Since β < − 12 , we have that∫
∂Ω
(α · ν)
((
1
2μ+ λ
(
β + 1
2
)2
− 1
μ
(
β + 1
2
)
+ 2b
(
β + 1
2
))
|f |2
+ μ
2
∣∣∇T u+ ∇T uT ∣∣2
)
dσ

∫
∂Ω
(
2
(
β + 1
2
)
(f · Kα · f )+L(Tβf )
)
dσ + Comp(f ).
From the definition of b we have
1
2μ+ λ
(
β + 1
2
)2
− 1
μ
(
β + 1
2
)
+ 2b
(
β + 1
2
)
= 1
2μ+ λ
(
β + 1
2
)(
β − 1
2
)
> 0.
Furthermore
2
∫
∂Ω
(f ·Kαf ) =
∫
∂Ω
(f · Kαf )+ (f · Kαf ) =
∫
∂Ω
f · ((Kα +K∗α)f )=
∫
∂Ω
(f · Hαf ),
and Hα is a compact operator. Therefore, combining all the previous reasoning, we obtain (3.1).
Next, in the case β > 12 , we integrating (3.2) in Rn \ Ω , applying Green’s formula and using
Cauchy–Schwarz inequality as the case β < − 12 , we obtain that∫
∂Ω
(α · ν)
((
1
2μ+ λ
(
β − 1
2
)2
+ 1
μ
(
β − 1
2
))
|f |2
− 2b
(
β − 1
2
)
|ν · f |2 + μ
2
∣∣∇T u+ ∇T uT ∣∣2
)
dσ

∫ (
2
(
β + 1
2
)
(f · Kαf )+L(Tβf )
)
dσ + Comp(f ).∂Ω
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∂Ω
(α · ν)
((
1
2μ+ λ
(
β − 1
2
)2
+ 1
μ
(
β − 1
2
)
− 2b
(
β − 1
2
))
|f |2 + μ
2
∣∣∇T u+ ∇T uT ∣∣2
)

∫
∂Ω
(
2
(
β + 1
2
)
(f · Kαf )+M(Tβf )
)
+ Comp(f ),
where∥∥M(Tβf )∥∥L2(∂Ω)  c∥∥Tβ(f )∥∥L2(∂Ω)‖f ‖L2(∂Ω).
From the definition of b we have
1
2μ+ λ
(
β − 1
2
)2
+ 1
μ
(
β − 1
2
)
− 2b
(
β − 1
2
)
= 1
2μ+ λ
(
β − 1
2
)(
β + 1
2
)
,
and hence we obtain (3.1). This completes the proof of Lemma 3.2. 
By Lemmas 3.1 and 3.2, Tβ has closed range in L2(∂Ω). To show Tβ is surjective in L2(∂Ω),
we suppose that Tβ is not surjective in L2(∂Ω) for some β ∈ R \ [− 12 , 12 ]. Since the resolvent set
of K ′ is open, we may assume that β is on the boundary of the resolvent set of K ′ so that there
exists a sequence {βi} such that βi → β and Tβi are surjective. Let g ∈ L2(∂Ω).
Since, βI − K ′ is injective and has closed range, there is a constant C such that for all f ∈
L2(∂Ω),
‖f ‖L2(∂Ω)  C
∥∥(βI −K ′)f ∥∥L2(∂Ω). (3.6)
Since Tβi are surjective, there exists fi ∈ L2(∂Ω) such that Tβi fi = g. If {fi} has a bounded
subsequence then there exists another subsequence (say again {fi}) that converges weakly to an
f in L2(∂Ω). Then, from duality, we have∫
∂Ω
T (f ) · hdσ = lim
j→∞
∫
∂Ω
fj · T ∗(h) dσ = lim
j→∞
∫
∂Ω
T (fj ) · hdσ =
∫
∂Ω
g · hdσ
for all h ∈ L2(∂Ω). Hence Tf = g.
Suppose that {fi} is not bounded. Let Fi = fi‖fi‖L2(∂Ω) . Then ‖Fi‖L2(∂Ω) = 1, TβiFi → 0 and
Fi weakly converges to zero in L2(∂Ω). Since Hα is a compact operator in L2(∂Ω), by (3.1),
we have that
1 = ‖fj‖L2(∂Ω)  C
∥∥(βI −K ′)fj∥∥L2(∂Ω)  C∥∥(βj I −K ′)fj∥∥L2(∂Ω) + c|β − βj |.
Since the final two terms converge to zero as j → ∞, we arrive at a contradiction. We conclude
that for each β ∈ R \ [− 12 , 12 ], βI −K ′ is invertible.
4. Proof of Theorem 2.3
We consider a different layer potential operator which was considered by Mitrea [7]. Let
Rβ = βI +K for β ∈ C. Most arguments go through like in Section 3.
Lemma 4.1. Rβ is one-to-one for β ∈ C \ [− 1 , 1 ].2 2
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Since, by Proposition 2.1, (β + 12 )f = 12f + Kf ∈ L2Ψ (∂Ω) ⊂ L20(∂Ω), f has mean value zero
on ∂Ω . Hence, |u(X)| = O(|X|1−n) and |∇u(X)| = O(|X|−n) at infinity for n 2. Since f is
not identically zero, the following numbers A and B cannot be zero:
A =
∫
Ω
(
λ+ 2μ
2
3μ+ λ
)
(divu)2 +
(
μ
2
− μ
2
3μ+ λ
)∣∣∇u+ ∇uT ∣∣2 + 2μ2
3μ+ λ |∇u|
2 dX,
B =
∫
Rn\Ω
(
λ + 2μ
2
3μ+ λ
)
(divu)2 +
(
μ
2
− μ
2
3μ+ λ
)∣∣∇u+ ∇uT ∣∣2 + 2μ2
3μ+ λ |∇u|
2 dX.
By (2.5), we have
A =
∫
∂Ω
(
1
2
f +K
)
(f ) · S(f )dσ and B = −
∫
∂Ω
(
−1
2
f +K
)
(f ) · S(f )dσ.
Since Rβ(f ) = 0, it follows that β = 12 A−BB+A . Thus β is real and |β|  12 , which is a contradic-
tion. 
Lemma 4.2. For β ∈ R, |β| > 12 , there exists positive constant c such that∫
∂Ω
1
2μ+ λ(α · ν)
((
β + 1
2
)(
β − 1
2
)
|f |2 + 2μ(μ+ λ)
3μ+ λ
∣∣∇T u+ ∇T uT ∣∣2
)
 c‖f ‖L2(∂Ω)
(‖Rβf ‖L2(∂Ω) + ‖Hαf ‖L2(∂Ω) + ∥∥Comp(f )∥∥L2(∂Ω)), (4.1)
where |∇T u+ ∇T uT |2, Hα , and Comp are compact operators as in Lemma 3.2.
Proof. Since β is real, it suffices to show Lemma 4.2 when f is real-valued function. Let Bji =
μ∂u
j
∂Xi
+ μ(μ+λ)3μ+λ ∂u
i
∂Xj
+ (2μ+λ)(μ+λ)3μ+λ δji(div u), Bj = (Bj1,Bj2, . . . ,Bjn) and B = (Bji)1i,jn.
Set t = μ(μ+λ)3μ+λ and s = (2μ+λ)(μ+λ)3μ+λ .
First, we consider in the case β < − 12 . We use Rellich-type identity,
divα
(
μ|∇u|2 + t ∂u
j
∂Xi
∂ui
∂Xj
+ s(divu)2
)
= 2 div((α · ∇uj )Bj )
+ (divα)
(
μ|∇u|2 + t ∂u
j
∂Xi
∂ui
∂Xj
+ s(divu)2
)
− 2 ∂α
k
∂Xi
∂uj
∂Xk
Bji (4.2)
in Rn \ ∂Ω .
Clearly, ( ∂u
∂ρ
)j = Bj · ν. Integrating (4.2) over Ω , applying Gauss–Green’s formula, the left-
hand side of (4.2) is∫
(α · ν)
(
(μ − t)|∇u|2 + t
2
∣∣∇u+ ∇uT ∣∣2 + s(divu)2)dσ∂Ω
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∫
∂Ω
(α · ν)
(
(μ − t)∣∣(∇u)ν∣∣2 + t
2
∣∣(∇u+ ∇uT )ν∣∣2 + s∣∣(divu)ν∣∣2
+ (μ − t)|∇T u|2 + t2
∣∣∇T u+ ∇T uT ∣∣2
)
dσ
= J.
Using Cauchy–Schwarz inequality (|cU +dV + eW |2  (c2 +d2 + e2)(|U |2 +|V |2 +|W |2) for
real numbers c, d, e and vectors U,V,W ), we obtain that (c =
√
μ−t√
2μ+λ , d =
√
2t√
2μ+λ , e =
√
s√
2μ+λ ,
U = √μ− t(∇u)ν, V =
√
t√
2
(∇u+ ∇uT )ν, W = √s(divu)ν)
J 
∫
∂Ω
(α · ν) 1
2μ + λ
(∣∣(μ − t)(∇u)ν + t(∇u+ ∇uT )ν + s(divu)ν∣∣2
+ (μ − t)|∇T u|2 + t2
∣∣∇T u+ ∇T uT ∣∣2
)
dσ
= 1
2μ+ λ
∫
∂Ω
(α · ν
(∣∣∣∣
(
β + 1
2
)
f − Rβf
∣∣∣∣2 + t2
∣∣∇T u+ ∇T uT ∣∣2
)
dσ
= 1
2μ+ λ
∫
∂Ω
(α · ν)
((
β + 1
2
)2
|f |2 + |Rβf |2 − 2
(
β + 1
2
)
f · Rβf
+ t
2
∣∣∇T u+ ∇T uT ∣∣2
)
dσ.
Applying Gauss–Green’s formula in Ω and using (2.3), the right-hand side of (4.2) is
2
∫
∂Ω
(
1
2μ
(α · ν)f − b(α · ν)(ν · f )ν + Kαf
)
·
((
β + 1
2
)
f −Rβf
)
dσ
+
∫
Ω
(
(divα)
(
μ|∇u|2 + t ∂u
j
∂Xi
∂ui
∂Xj
+ s(divu)2
)
− 2 ∂α
k
∂Xi
∂uj
∂Xk
Bji
)
dX
=
∫
∂Ω
1
μ
(
β + 1
2
)
(α · ν)|f |2 − 2b
(
β + 1
2
)
(α · ν)|ν · f |2 + 2
(
β + 1
2
)
(f · Kαf )
− 1
μ
(α · ν)(f ·Rβf )+ 2b(α · ν)(ν · f )(ν ·Rβf )− 2(Kαf ·Rβf )dσ + Comp(f ),
where Comp is a compact operator in L2(∂Ω). Therefore we have that∫
∂Ω
(α · ν)
((
1
2μ+ λ
(
β + 1
2
)2
− 1
μ
(
β + 1
2
))
|f |2
+ 2b
(
β + 1
2
)∣∣(ν · f )∣∣2 + t
2
∣∣∇T u+ ∇T uT ∣∣2
)
dσ

∫ (
2
(
β + 1
2
)
(f · Kαf )+L1(Rβf )
)
dσ + Comp(f ),∂Ω
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Since β < − 12 , we have that∫
∂Ω
(α · ν)
((
1
2μ+ λ
(
β + 1
2
)2
− 1
μ
(
β + 1
2
)
+ 2b
(
β + 1
2
))
|f |2 + t
2
∣∣∇T u+ ∇T uT ∣∣2
)

∫
∂Ω
(
2
(
β + 1
2
)
(f · Kα · f )+L1(Rβf )
)
+ Comp(f ).
Since
1
2μ+ λ
(
β + 1
2
)2
− 1
μ
(
β + 1
2
)
+ 2b = 1
2μ+ λ
(
β + 1
2
)(
β − 1
2
)
,
we obtain (4.1).
In the case β > 12 , integrating (3.2) in Rn \ Ω , applying Gauss–Green’s formula and using
Cauchy–Schwarz inequality as the case β < − 12 , we obtain that∫
∂Ω
(α · ν)
((
1
2μ+ λ
(
β − 1
2
)2
+ 1
μ
(
β − 1
2
))
|f |2
− 2b
(
β − 1
2
)
|ν · f |2 + t
2
∣∣∇T u+ ∇T uT ∣∣2
)
dσ

∫
∂Ω
(
2
(
β + 1
2
)
(f · Kαf )+M1(Rβf )
)
dσ + Comp(f ),
where∥∥M1(Rβf )∥∥L2(∂Ω)  c∥∥Rβ(f )∥∥L2(∂Ω)‖f ‖L2(∂Ω).
Since β > 12 , we have that∫
∂Ω
(α · ν)
((
1
2μ+ λ
(
β − 1
2
)2
+ 1
μ
(
β − 1
2
)
− 2b
(
β − 1
2
))
|f |2
+ μ
2
∣∣∇T u+ ∇T uT ∣∣2
)
dσ

∫
∂Ω
(
2
(
β + 1
2
)
(f · Kαf )+L(Rβf )
)
dσ + Comp(f ).
Definition of B yields
1
2μ+ λ
(
β − 1
2
)2
+ 1
μ
(
β − 1
2
)
− 2b
(
β − 1
2
)
= 1
2μ+ λ
(
β − 1
2
)(
β + 1
2
)
,
and we obtain (4.1). This completes the proof of Lemma 4.2. 
The proof of surjectivity of Rβ in L2(∂Ω) is similar to Theorem 2.2. Hence we completed the
proof of Theorem 2.3.
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We only show that Eq. (2.6) has unique solution for a given boundary data F ∈ L21(∂Ω) and
G ∈ L2(∂Ω). It is equivalent to finding two (unique) functions f,g ∈ L2(∂Ω) so that⎧⎨
⎩
Sf − Sg = F,(
1
2
I +K ′
)
f − 
(
−1
2
+K ′
)
g = G. (5.1)
The first line in (5.1) entails g = f − S−1F since S is invertible from L2(∂Ω) to L21(∂Ω) (see
Proposition 2.1). In turn, when further substituted in the second line in (5.1), we are led to an
equation of the form
(βI +K ′)f = G˜,
where
β :=  + 1
2(1 − ) , G˜ :=
1
1 − 
(
G+ 1
2
S−1F + K ′S−1F
)
∈ L2(∂Ω).
Note that β ∈ R satisfies |β| > 12 , so Theorem 2.2 allows us to write the (unique) solution of (2.6)
in the form
f = (βI + K ′)−1G˜, g = (βI +K ′)−1G˜− S−1F.
From these and the properties of the layer potentials, estimate (2.8) follows.
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